A two-component quasirelativistic theory based on the Douglas-Kroll-Hess ͑DKH͒ transformation has been developed to study magnetic properties of molecules. The proposed Hamiltonian includes the relativistic magnetic vector potential in the framework of the DKH theory, and is applicable to the calculations of magnetic properties without further expansion in powers of c Ϫ1 . By combining with the finite-perturbation theory and the generalized-UHF method, new pictures of the magnetic shielding constant are derived. We apply the theory to calculations of the magnetic shielding constants of He isoelectronic systems, Ne isoelectronic systems, and noble gas atoms. The results of the present theory compare well with those of the four-component Dirac-Hartree-Fock calculations; the differences were within 3%. We note that the quasirelativistic theory that handles the magnetic vector potential at a nonrelativistic level greatly underestimates the relativistic effect. The so-called ''picture change'' effect is quite important for the magnetic shielding constant of heavy elements. The change in the orbital picture plays a significant role in the valence-orbital magnetic response as well as the core-orbital one. The effect of the finite nucleus is also studied using Gaussian nucleus model. The present theory reproduces the correct behavior of the finite-nucleus effect that has been reported with the Dirac theory. In contrast, the nonrelativistic theory and the quasirelativistic theory with the nonrelativistic vector potential underestimate the finite-nucleus effect.
I. INTRODUCTION
Magnetic shielding constants observed by nuclear magnetic resonance ͑NMR͒ spectroscopy sensitively reflect the valence electronic structures of molecules. Multinuclear NMR experiments have been conducted for almost all of the elements in the Periodic Table, and a large body of experimental data has been accumulated. 1, 2 A series of studies by our group on the electronic mechanism of NMR chemical shifts have shown that the major electronic mechanism of the chemical shifts is an intrinsic property of the resonance atom itself, 3, 4 and therefore is closely related to its position in the Periodic Table. To elucidate the mechanism of the chemical shift for various nuclei, we need a quantitative theory that can deal with all of the elements in the periodic table seamlessly in a sufficient accuracy. Since magnetic shielding constants strongly reflect the contributions from the angular momenta of valence electrons in the vicinity of the nuclei, the relativistic effect is quite important for molecules that include heavy elements. 5 Since the relativistic electronic structures of molecules are described by the four-component Dirac theory, it is favorable to use this theory for theoretical studies of NMR parameters. The theory of NMR parameters in a nonrelativistic framework was developed by Ramsey. 6 Pyper, 7 Pyykkö, 8 Zhang and Webb 9 have formulated the relativistic theory for magnetic shielding constants based on the Dirac theory, but until recently these theories have actually been applied only in the semiempirical framework. 10 Ab initio four-component relativistic calculations of the magnetic shielding constants of molecules were performed by Ishikawa et al. 11 and Quiney et al. 12 in 1998. Ishikawa et al. developed a theory of magnetic shielding constants using finite-perturbation theory in the Dirac-Hartree-Fock method, and calculated hydrides of group 16 and group 17 elements. 13, 14 Quiney et al. used sum-over-state formalism with a gauge invariant orbital and calculated H 2 O molecules. 12 Another method using relativistic random phase approximation for magnetic shielding constants was proposed by Visscher et al. and applied to hydrogen halides.
spin-free ͑scalar͒ relativistic ͑SFR͒ term and spin-dependent term. 17 Among the spin-dependent terms, the spin-orbit ͑SO͒ interaction is often discussed separately. In 1973, Morishima, Endo, and Yonezawa showed the importance of the SO interaction for magnetic shielding constants by a semiempirical method, 18 but this study has been overlooked for a long time. In 1995, Nakatsuji et al. presented an ab initio UHF formalism for calculating the SO effect on the magnetic shielding constant 19 and showed that the SO interaction is certainly an essential source of the chemical shifts in hydrogen halides and methyl halides. 19 A series of studies have confirmed this findings. [20] [21] [22] [23] Theoretical calculations including electron-correlation and the SO effect have been developed using density functional theory ͑DFT͒ ͑Ref. 24͒ and multiconfiguration self-constant field ͑MC-SCF͒ theory. 25 Regarding the magnetic shielding constants of heavy elements such as mercury 26 and tungsten, 27 the SFR terms are very important as well as the SO term, and furthermore, these two effects couple strongly with each other. 26 Therefore, the theory that includes both the SO and SFR terms is necessary for calculating the magnetic shielding constants of heavy elements. Fukui et al. 28 and Wolff and Zieglar 29 developed a quasirelativistic theory for magnetic shielding constants at the Pauli approximation level. However, such theory is not reliable for calculations of magnetic shielding constants of heavy elements.
Douglas-Kroll transformation 30 of the Dirac Hamiltonian into a two-component form gives a variationally stable formalism. [32] [33] [34] Sucher provided a theoretical background of quantum electrodynamics for this Douglas-Kroll ͑DK͒ transformation. 31 Hess 32, 33 developed the DK transformation in quantum chemistry and presented a method for evaluating the matrix elements in the DK transformation. 34 Thus, the Douglas-Kroll-Hess ͑DKH͒ method has an attractive feature in the relativistic quantum chemistry. Ballard et al. applied the DKH method to the calculation of magnetic shielding constants, 35 but used only the spin-free parts of the DKH Hamiltonian and the SO term and the magnetic interaction term remained in the Pauli form. Fukui and Baba also suggested a DKH transformation including magnetic vector potential, 36 but they did not propose an explicit working equation for the magnetic shielding constant. In these studies, the relativistic corrections to the zeroth order Hamiltonian were considered, but the magnetic interaction term remained nonrelativistic. Our recent studies 37, 38 have shown that the relativistic correction to the magnetic interaction is significant for the magnetic shielding constants of heavy elements. Therefore, the magnetic vector potential should be addressed in the DKH theory to formulate a consistent quasirelativistic theory of magnetic shielding constants.
The difficulty in adapting the DKH transformation to the magnetic field lies in the presence of the magnetic vector potential in a square-root operator. Therefore, an additional expansion becomes necessary to extract the terms in the desired order in the magnetic perturbations. 39 In this study, we propose a different formulation of the DKH transformation to calculate magnetic properties that avoids the presence of the magnetic vector potential in a square-root operator. A feature of the DKH transformation is that the operator is expanded in powers of an external potential V. In this study, we choose the electromagnetic potential, VϩA as an expansion parameter. With this choice, linear and quadratic terms in VϩA appear within the second-order transformation, and the vector potential does not appear in square-root form. We treat A as an external perturbation and our formula is closely related to the method proposed by Kellö et al., 40 who calculated the electrostatic property. The choice of A as an expansion parameter is natural for the theory of magnetic properties. The so-called ''picture change'' effect, 41 which is the change in the representation from the Dirac picture to the Schrödinger-Pauli picture, is taken into account in the present formula. All of the terms in the Pauli approximation are involved in the present formula as its nonrelativistic limit. The Hamiltonian derived by our formula is analogous to that in the nonrelativistic theory and the NMR parameters are obtained as second-order properties. Consequently, the theoretical and computational methods for calculating magnetic properties, for example, the coupled-perturbed Hartree-Fock method 42 and the finite-perturbation method, 43 developed in nonrelativistic studies can also be adapted to the present relativistic formalism. A finite size of the nucleus may also affect the magnetic shielding constant in the relativistic theory. It has been reported that the finite nucleus model affects the hyperfine structures of heavy atoms. 44 In the relativistic theory, the magnetic shielding constant includes the spin-dipolar and Fermi contact terms and the mechanisms of these terms are similar to those in the hyperfine structure. The Gaussian nucleus model 45 is used in this study, and the effect of the nucleus model on the magnetic shielding constant is examined.
In this paper, we formulate a quasirelativistic theory for magnetic properties based on the DKH transformation including magnetic field. We utilize the generalized-UHF ͑GUHF͒ formalism 46, 47 to accurately describe the SO interaction and the magnetic field effect at the Hartree-Fock level. We use the Gaussian nucleus model. The resultant theory is are applied to several atomic systems to calculate their magnetic shielding constants. The calculated results are compared with the results of the four-component theory, and the reliability of the present theory is confirmed. We also perform the calculations with the previous DKH quasirelativistic model in which the magnetic interaction is treated in the nonrelativistic level and thereby show the importance of the relativistic effect on the magnetic interaction term.
II. THEORY

A. Douglas-Kroll-Hess transformation including the magnetic field
In the DKH formulation of magnetic properties, two different transformations are possible, depending on how we deal with the vector potential A.
In our first approach, we regard A as an external potential, like V, and expand the operator in powers of the external potentials A and V together. This formulation leads to the DKH Hamiltonian in powers of V and A. For the present purpose to calculate the magnetic shielding constant, a second-order property, we need the Hamiltonian which is correct up to the second order in A. For this purpose, we start from the one-electron Dirac Hamiltonian including V and A,
where ␣ and ␤ represent the usual Dirac matrices and c is the velocity of light. First, we apply free-particle FoldyWouthuysen transformation of the Dirac Hamiltonian using the unitary operator 48 U 0 ϭK͑1ϩ␤R␣"p͒, ͑2͒
where K and R are the operators defined by
with
.
͑5͒
The transformed Hamiltonian is written as
Here, E 1 V and E 1 A are, respectively, the first-order even operators in the scalar potential V and the vector potential A as given by
Similarly, O 1 V and O 1 A are the first-order odd operators in the potentials V and A as
The generalization of the second-order DKH transformation 33 for the magnetic vector potential is realized by introducing the term W 1 , which arises from the second unitary transformation using the operator,
To eliminate the odd terms, O 1 X (XϭV,A͒, in the transformed Hamiltonian, W 1 X should satisfy the relation,
Substituting this relation into Eq. ͑12͒ and collecting terms up to the second-order in the external potential VϩA, we obtain the transformed Hamiltonian that is correct to second order in A and V,
͑14͒
Since the term ͓W 1 X ,O 1 X ] is odd, such terms are not included in H 2 ; they are involved in the next-order ͑third order͒ term of the DKH transformation. 33, 61 For magnetic properties, the term up to the second order in A is sufficient, but for the potential V, the contribution of the third and higher order terms may not be negligible. 61, 62 However, in the present paper, we terminate our DKH transformation only up to the second order. Then, the two-component positive energy Hamiltonian valid to second-order DKH transformation is obtained by taking only the upper two components of H 2 give by Eq. ͑14͒.
Thus, in this approximation, the total Hamiltonian for a many-electron system is given by
where E j denotes the kinetic energy,
and V j eff denotes the effective scalar potential term [32] [33] [34] given by
The magnetic interaction H j mag with the relativistic correction, which involves the first-order term H 1 j mag and the second-order term H 2 j mag , is given by
V jk denotes the electron-electron interaction term that includes the electron repulsion and the two-electron spin-orbit interaction in the present approximation,
where the Breit-Pauli form for the two-electron spin-orbit interaction is used for simplicity, though the electronelectron interaction in the DKH form is more favorable. W is the integral operator defined in the momentum space representation with the kernel as follows:
Another approach to treat magnetic vector potential A in the DKH transformation is to replace the momentum operator p with the mechanical momentum operator ϭpϩA, according to Dirac's original proposal, 49 and so this formulation may seem to be more natural than the above one in the first sight. Using this replacement, we obtain the magnetic field-dependent kinetic operator as
If there is no scalar potential (Vϭ0), this operator reproduces exactly the relativistic positive energy. However, in order to apply Eq. ͑24͒ to calculate derivative properties such as the magnetic shielding constant, we have to expand Eq. ͑24͒ in terms of A. Expansion of Eq. ͑24͒ in powers of A is not obvious because the operators do not commute. With the use of a momentum space representation in which E p is diagonal, Eq. ͑24͒ may be expanded in powers of A as
where
Replacing all the momentum operators in the usual DKH Hamiltonian by Eq. ͑25͒, we can obtain the operators for the magnetic perturbation in the DKH theory. However, since the kinetic operator E p appears everywhere in the DKH Hamiltonian and we have to take special care for commutation relation of the operators, this approach is quite tedious, and moreover, the physical simplicity will be lost, though the two methods should finally give the same results. Thus, choosing the potential A as an expansion parameter in the DKH transformation is natural for the theory of magnetic properties.
B. Magnetic shielding constant
To study nuclear magnetic shielding constants, the magnetic vector potentials generated from the uniform magnetic field B and the nuclear magnetic moment A of nucleus A should be considered. Then, the vector potential is written as
Here, r d ϭrϪd is the position vector from the gauge origin d, nucleus A is located at position A, and R A ϭ͉RϪA͉. The weight function w A (R A ) is related to the finite size of the nucleus. 50 In this study, we use Gaussian nucleus model, where the nucleus has the following finite distribution:
The nuclear exponent A is taken from Ref. 51 . The point nucleus model, which has a delta function distribution, is also used for comparison,
and we obtain
We also consider the nuclear charge distribution in the Gaussian model according to Chandra and Hess. 52 The Gaussian charge distribution affects not only the effective scalar potential V eff but also the magnetic interaction H mag through the vector-scalar cross terms in H 2 mag . The magnetic shielding tensor of nucleus A in the tu component (t,uϭx,y,z) is given by Ramsey 6 as a secondorder property,
͑35͒
To calculate this property, we adopt the finite perturbation theory along with the Hellmann-Feynman theorem. 19, 43 Expanding the Hamiltonian of Eq. ͑15͒ in powers of B and A , we obtain
For variational wave functions, such as the Hartree-Fock SCF wave function used in this study, the HellmannFeynman theorem holds and Eq. ͑35͒ becomes
where ⌿ (0) is the unperturbed wave function and ⌿ (B t ) is the wave function under the external magnetic field B t . In a quasirelativistic theory, the four-component wave function is transformed into the two-component form, and accordingly, the perturbation operator should be transformed into the same representation as the wave function. This transformation is known as the ''change of picture'' effect. 41 To use the Hellmann-Feynman theorem in the quasi relativistic framework, the change of the picture effect should be considered. Thus, H (0,1) and H (1, 1) in Eq. ͑37͒ ͓and also H (1, 0) ] are different from the nonrelativistic operators used in the previous studies. 26, 27 These terms are derived from H mag in Eq. ͑18͒ which involves the quasirelativistic transformation operators K, R, and W X . The operators H (1, 0) , H (0,1) , and H (1,1) also involve these transformation operators ͓e.g., K and R appear in Eqs. ͑38͒, ͑45͒, and ͑48͔͒. Thus, the change of picture effect of the magnetic perturbation is taken into account and the Hellmann-Feynman theorem holds in our formula within the quasirelativistic framework.
In our derivation of the Hamiltonian, the kinetic factor E p does not include the vector potential and our H includes the terms up to quadratic in B and . H (0,0) is the DKH Hamiltonian without the magnetic field. [32] [33] [34] The magnetic Zeeman term H (1, 0) is given as
͑39͒
The term H 1 (1,0) corresponds to the Zeeman term in the nonrelativistic theory and involves the mass-velocity correction through the R j term. The term H 2 (1,0) arises from the operators that include both W V and W A in Eq. ͑18͒. Using an anticommutator, ͕X,Y ͖ϭXY ϩY X, this term can be written as
where the momentum space integral operators are defined by
H 2 (1,0) includes the magnetic correction to the SO interaction. The paramagnetic shielding term H (0,1) is given as
The first term in Eq. ͑46͒ is spin-free and corresponds to the usual one of the paramagnetic shielding. The second term is the SO-induced shielding term and it can be decomposed into two terms as follows:
͑47͒
The first term is isotropic and corresponds to the Fermi contact term in its nonrelativistic limit; 53 
Equation ͑52͒ corresponds to the nonrelativistic diamagnetic shielding operator with the Gaussian nucleus model except for the constant c Ϫ2 . In the Dirac theory, the factor c Ϫ2 in the diamagnetic shielding arises from the energy gap between positive and negative energy states. 54 In this theory, this factor arises due to the free-particle kinetic energy E p in the denominator of Eq. ͑49͒ and Eq. ͑48͒. The first and second terms in Eq. ͑48͒ correspond to the diamagnetic shielding term in its nonrelativistic limit. The next two terms correspond to the mass-velocity correction to the diamagnetic shielding term in the Pauli approximation. The last two terms are in the order of c Ϫ6 , and therefore there are no analogs in the Pauli approximation. 28, 29 To evaluate the matrix elements, we use the matrix transformation technique and adopt the resolution of identity method developed by Hess et al. 34 An operator ͗p͉O͉pЈ͘ represented in the eigenvector of p 2 is transformed from the representation in the coordinate space basis (r) as ͗p͉O͉pЈ͘ϭ ͚ ,Ј ͗p͉͉͗͘O͉Ј͗͘Ј͉pЈ͘.
͑53͒
The matrix elements are calculated in p space and the resulting matrix elements are back-transformed to the (r) space.
Since the Hamiltonian includes the spin operator, the wave function must have the generalized UHF ͑GUHF͒ ͑Refs. 45, 46͒ form in the Hartree-Fock approximation. For an N electron system, the GUHF wave function can be written using a single Slater determinant as
where j is a general spin-orbital,
The above orbital is allowed to be occupied by a single electron. The spatial part of the orbital is described by a linear combination of the basis function as
where C is the orbital expansion coefficient, which is a complex number, determined by the SCF procedure. To calculate the magnetic shielding constant, we use the finite perturbation theory. 19, 43 In the finite perturbation theory, the unperturbed SCF procedure
͑57͒
and the SCF procedure with finite perturbation, B t ,
are performed, and j is differentiated numerically with respect to B t . The magnetic shielding tensor is expressed as a sum of the occupied orbital contributions,
͑59͒
III. NUMERICAL CALCULATIONS AND THE RESULTS
To study the relativistic effect on the magnetic interaction operator H mag , we use three different levels of approximations of the quasirelativistic ͑QR͒ calculations. At the QR level 0 ͑QR-0͒ approximation, the DKH transformation is applied to the nonmagnetic Hamiltonian H (0,0) and the magnetic interaction is treated in the nonrelativistic manner, H 0 mag which includes the spin-dipolar and Fermi contact terms. At the QR level 1 ͑QR-1͒ approximation, we used the firstorder DKH magnetic interaction H 1 mag and the nonrelativistic diamagnetic term. At the QR level 2 ͑QR-2͒ approximation, we used the second-order DKH magnetic interaction H 1 mag ϩH 2 mag . The QR Hamiltonians used in this section are thus summarized as follows:
͑62͒
The explicit form of the nonrelativistic magnetic term H 0 mag is given in Ref. 19 . The nonrelativistic diamagnetic term h (1, 1) is given by Eq. ͑52͒. The QR-0 approximation has been used by our laboratory in studies of the 1 H, 35 199 Hg, 26 and 183 W ͑Ref. 27͒ chemical shifts within the SO-UHF framework; in this study, the GUHF wave function was used for all levels of approximations. The DKH transformation is applied only to the one-electron terms; the two-electron terms used in this study are
͑63͒
The first term is the contribution from conventional electron-electron repulsion; the second term represents the two-electron SO interaction. For comparison with the DiracCoulomb calculation, the spin-other-orbit interaction, which originates from the Breit interaction, is not included in the QR calculation. Dirac-Hartree-Fock ͑DHF͒ ͑Ref. 11͒ and the nonrelativistic ͑NR͒ calculations are also performed. The Breit interaction is not considered in the DHF calculation. A kinetic balanced small-component basis, a derivative of the large-component basis, is used for the DHF calculation.
A. Helium and neon isoelectronic systems
The magnetic shielding constants of He isoelectronic two-electron systems and Ne isoelectronic 10-electron systems with various nuclear charges were calculated. 32s and 32s30p universal Gaussian basis functions 55 were used for He-and Ne-isoelectronic systems, respectively. A Gaussian nucleus model and point nucleus model were used for calculations at each level of approximation. The magnetic shielding constants calculated for Heisoelectronic systems are summarized in Table I . In Fig. 1 , we plot the magnetic shielding constants against the nuclear charge Z. The magnetic shielding constants calculated at all levels of relativistic methods are larger than the corresponding nonrelativistic values. However, the amount of the relativistic correction is quite different at each level of approximations.
By comparing the full relativistic DHF results with the NR results, we can see the contributions of the total relativity to the magnetic shielding constants. In heavy systems of Z Ͼ70, the contribution of relativity to the magnetic shielding constant is greater than the nonrelativistic contribution, and a significant relativistic effect can be seen even for the light systems of Zϭ20-40. The magnetic shielding constants calculated with the DHF theory increase exponentially with an increase in Z, whereas those calculated by the NR theory increase almost linearly. This relativistic increase in the magnetic shielding constants of heavy elements is the simplest example of a ''heavy-atom shift of the heavy atom'' ͑HAHA͒ effect that was pointed out by Pyykkö and co-workers. 56 By comparing the QR-0 approximation with the NR results, we can see the relativistic effect on H (0,0) for magnetic shielding constants. This approximation includes the SO interaction and orbital shrinkage due to the SFR term, but does not include the relativistic effect on magnetic interaction. The relativistic effect on H (0,0) is only around 20% of the total relativistic effect at Zϭ100. The remaining relativistic correction results from the relativistic effect on the magnetic interaction H mag , which has been formulated by the DKH transformation applied to the magnetic field proposed in the preceding section. To study the effects of the first-and second-order DKH transformations, QR-1 and QR-2 calculations were carried out. At the QR-1 level, where the firstorder transformation is considered, a mass-velocity correction is taken into account in the R j term in Eqs. ͑38͒ and ͑45͒. This effect greatly increases the magnetic shielding constants of the heavy systems. The results clearly show that the HAHA effect dominantly arises from the mass-velocity correction of H mag . However, the relativistic correction in the QR-1 approximation is twice as large as the true correction by the DHF theory. This overestimation of the relativity from the first-order transformation is corrected by including the second-order transformation. The magnetic shielding constants calculated by the QR-2 approximation agree well with the DHF results, with differences of 3% or less.
The relativistic magnetic term H mag takes into account the so-called ''picture change'' effect suggested by Barysz and Sadlej; 41 the change in the operator representation resulting from the DKH ͑relativistic to quasirelativistic, in general͒ transformation. Kellö and Sadlej found that the picture change had a pronounced effect on the electric field gradient. 57 Our results are consistent with their findings and confirm the importance of the picture change for the electrostatic and magnetic properties. Generally, the wave function correction through the relativistic effect on H (0,0) significantly affects the total energy of the system and furthermore, the picture change of perturbation operators should be considered for the properties. The direction of the deviation of the QR-2 result from the DHF result is not constant. For the systems of Z ϭ2 -70, the magnetic shielding constants calculated in the QR-2 approximation are larger than those of the DHF theory, whereas for the systems of Zϭ80-100, the QR2 approximation underestimates the magnetic shielding constants compared to the DHF results. This trend is due to the difference in the effects of H 1 mag and H 2 mag . The first-order term H 1 mag always increases the magnetic shielding constant. The mass correction in H 1 mag has a significant effect even in relatively light systems. The second-order term H 2 mag , which contains cross terms of the scalar and vector potentials, diminishes the shielding constant. The effect of this term increases with an increase in the nuclear potential. The deviations from the DHF results can be corrected by considering the higher-order DKH transformation.
The calculated magnetic shielding constants of the Neisoelectronic systems are summarized in Table II . In Fig. 2 , we plot the magnetic shielding constants against the nuclear charge Z. The differences between QR-0 and NR in the Neisoelectronic systems are larger than those in Heisoelectronic systems. This difference is 4530 ppm for Z ϭ100 in the Ne-isoelectronic system with a point nucleus model, which is about 65% larger than the value in the Heisoelectronic system. In contrast, the differences between QR-1 and QR-0 in the Ne-isoelectronic systems are not so large compared to those in the He-isoelectronic systems. This difference is 40363 ppm for Zϭ100 in a Ne-isoelectronic system with a point nucleus model, which is about 14% larger than that in the He-isoelectronic system. The difference between QR-2 and QR-1 is also about 14% greater than that in the He-isoelectronic system. This result indicates that the relativistic correction of the 2s-and 2p-orbitals, which is considered by the QR-0 approximation through H (0,0) , is also significant compared to that of the 1s-orbitals. The relativistic effect on H mag , which is considered by the QR-1 and QR-2 approximations, is quite important for the 1s electrons, but not so much for the 2s and 2p electrons, even though there is a large effect on the absolute value. The relativistic effect on H mag arises mainly near the nuclear region and dominantly affects the Fermi contact term. The contribution of the 2s electron to the Fermi contact term is smaller than that of the 1s electron, and the contribution of the 2p electrons is zero because they have a nodal plane at the nucleus. Thus, the relativistic effects of H mag on the 2s and 2p electrons are relatively small. Figure 3 shows the effect of the finite nucleus model. The finite nucleus correction factor is defined by g ϭ(1 ϩ) p , where p and g are the magnetic shielding constants of the point nucleus and Gaussian finite nucleus model, respectively. The QR-2 results agree well with the DHF results and the plots of in Fig. 3 using both methods almost overlap. With both methods, increases exponentially with an increase in Z. A similar trend has been reported in the hyperfine coupling constants of one-electron atoms with large Z values. 44 In the magnetic shielding constant, the finiteness of nuclei dominantly affects the Fermi contact term. The Fermi contact term originates from the hyperfine coupling of the electron spin-polarization and the nuclear magnetic moment caused by SO interaction and magnetic Zeeman interaction. 10, 18 This mechanism is closely related to that of the hyperfine coupling constant. In the NR theory, the Fermi contact term is zero for closed-shell systems because there is no SO interaction. Only the diamagnetic shielding term contributes to the NR magnetic shielding constants and the nucleus model has very little effect. The QR-1 approximation largely overestimates the value and the QR-0 approximation underestimates the value. Relativistic correction of the magnetic interaction strongly affects the magnetic response of electrons at the nucleus. A finite nucleus effect can not be neglected for the accurate calculation of a large nuclear charge system with a few electrons such as the present models in which 1s electrons account for a significant amount of the total magnetic shielding constant. This effect would be less important in many-electron systems in which the valence electrons have a significant contribution.
B. Noble gas atoms
The 9s4 p Gaussian basis set for Ne, the 12s8p set for Ar, the 15s11p6d set for Kr, the 19s15p9d set for Xe, and the 24s20p13d8 f set for Rn were used for calculations. The exponent parameters for Ne and Ar were taken from ccpVDZ sets. 58, 59 For Kr, Xe, and Rn, the exponent parameters were taken from Dyall's relativistic double-zeta sets. 60 The calculated magnetic shielding constants of noble gas atoms are summarized in Table III . By comparing the DHF results with the NR values, we can see the magnitude of the HAHA effect that originates in relativity in heavy atoms. If we consider the point nucleus model, the effect gives an increase of 1500 ppm in the magnetic shielding constant of Xe, and an increase of 9000 ppm in that of Rn. Even with Kr, we cannot neglect the effect of relativity. The magnetic shielding constants calculated with the QR-2 approximation are in good agreement with the DHF values. The differences between the QR-2 results and the DHF results are 1.5% or less. Even though the basis sets used for these calculations are insufficient, and an accurate comparison should be carried out with a complete basis limit, our results suggest that QR-2 is a good approximation of the DHF theory.
The QR-1 approximation overestimates the magnetic shielding constants of heavy elements and QR-0 underestimates. The QR-0 result for Rn with a point nucleus model seem to be adequate compared to the DHF results. However, at the QR-0 approximation, the Gaussian nucleus model gives a decrease of 2385 ppm in the magnetic shielding constant of Rn. In comparison to the DHF and QR-2 values, the effect of the Gaussian nucleus on Rn seems to be too large at the QR-0 approximation.
To provide detailed insight into the magnetic shielding constants of heavy noble gases, the total shielding constant was decomposed into the contributions from each occupied orbital according to Eq. ͑59͒. The orbital contributions to the magnetic shielding constants of Xe and Rn are shown in Tables IV and V, respectively. In the magnetic shielding constant of Xe, relativity predominantly affects the inner s-and p-orbitals. In contrast, relativity only slightly affects the contribution of the d-orbital. In comparison to the DHF results, QR-0 underestimates the contribution of the 1s orbital by about 700 ppm and QR-1 overestimates the contribution of the 1s orbital by about 1000 ppm. On the other hand, the QR-0 approximation overestimates the contribution of the outer s-orbitals, particularly that of the 5s-orbital. In Rn, the relativity affects the contributions of the inner s-and p-orbitals, and is also important for the contribution of the 3d-orbital. Relativity only slightly affects the contribution of the 4 f -orbital. Compared to the DHF results, QR-0 underestimates the contribution of the 1s-orbital by about 5000 ppm. This approximation also underestimates the contribution of the 2s-orbital by about 700 ppm. On the other hand, the contributions of the outer 5s-and 6s-orbitals are overestimated by 1000 ppm. The finite nucleus effects on these orbitals are too large compared to the DHF results, and the finite nucleus effects on outer s-orbitals are larger than those on inner orbitals. The QR-0 approximation underestimates the contribution of the 2p-orbital by about 400 ppm and greatly underestimates the contribution of the 6p-orbital. This suggests that the QR-0 approximation cannot correctly treat the orbital response to a magnetic field at the nucleus position. Since the errors from the inner and outer orbitals are cancelled, the total shielding constant happens to be close to the DHF value in case of the point nucleus model. The QR-2 approximation, which also considers a relativistic effect on H mag , increases the contributions of the inner orbital and diminishes the contributions of the outer s-orbital; thus, the total shielding constant of QR-2 approaches the DHF values. This result clearly shows the importance of the relativistic effect on the magnetic interaction term to the magnetic shielding constants of heavy elements. It is inadequate to consider only the relativistic effect on the wave function. The change in the orbital picture due to DKH transformation significantly changes the magnetic response of orbitals. An approximation such as QR-0, in which the picture change effect on the magnetic perturbation is neglected, introduces errors not only to core electrons but also to valence electrons. Using the QR-0 approximation for theoretical studies of the chemical shifts of heavy elements will lead to serious error because the valence electrons play important roles in the chemical shifts of molecules. A theory that considers the picture changes of H mag and H (0.0) equally is essential for studying the chemical shifts of heavy elements. The QR-2 approximation greatly improves the magnetic shielding constants and their orbital contributions in heavy elements. However, in Rn, the contributions of the 5s-and 6s-orbitals still overshoot the DHF results. One reason for this difference may be the lack of the higher-order relativistic effect: the third-or higher-order DKH transformation may describe the effect. 61, 62 The basis set incompleteness error may also be a reason. The basis sets used in the calculations for noble gases are double-zeta quality, and the basis setdependence is different between the QR approximation and the DHF; the results of different theories should be compared in a complete basis limit. Calculations using a large eventempered basis should be performed for a more reliable comparison. However, such a large-scale DHF calculation for magnetic shielding constants is still very difficult at present.
At the end of this section, we refer to the computation time. The calculations were performed on a COMPAQ XP1000 workstation. The CPU times ͑in seconds͒ and SCF dimensions ͑dimension of the Fock matrix͒ are summarized in Table VI . The dimension of the QR calculation is the same as the large-component dimension of the corresponding DHF calculation. Any symmetry reduction is not used. The convergence of QR method may be accelerated by using extrapolation method; the DIIS extrapolation 63 was used in DHF calculation to accelerate the convergence.
IV. CONCLUSIONS
We have proposed a quasirelativistic theory for calculating NMR magnetic shielding constants. The present theory is based on the second-order Douglas-Kroll transformation that was extended to include the magnetic vector potential. The present theory expands the Hamiltonian in terms of the electromagnetic potential VϩA, instead of V. The resulting Hamiltonian includes both linear and quadratic terms in the external magnetic field; it is suitable for calculations of magnetic properties. The present formulation of the DKH transformation including the magnetic field is combined with the matrix-transformation method developed by Hess et al., the GUHF-SCF method, and the finite perturbation method together with the Hellmann-Feynman theorem, and applied to the calculations of the nuclear magnetic shielding constants. We have obtained the various terms as the origins of the nuclear shielding constants in a change of picture framework; their physical meanings are of considerable interests.
We applied the present theory to the magnetic shielding constants of helium-isoelectronic ions, neon-isoelectronic ions, and noble gas atoms. We also performed the calculations using the four-component Dirac-Hartree-Fock theory, the nonrelativistic theory, and the DKH transformation of the lower level in which the magnetic interaction was approximated at the nonrelativistic level. The results of the present calculations may be summarized as follows:
͑1͒ The results of the present two-component quasi relativistic theory compare well with those of the fourcomponent Dirac-Hartree-Fock theory; the differences were within only 3%. ͑2͒ In the helium isoelectronic systems of ZϾ70, the contribution of the relativity to the magnetic shielding constant is larger than the nonrelativistic contribution. The relativistic wave function correction arising from the relativistic terms in H (0,0) is not the dominant origin of this relativistic increase in the magnetic shielding constants. Instead, the dominant origin of this relativistic increase is the relativistic correction to the magnetic interaction operator, H mag . The effect of the so-called ''picture change'' is quite important for the magnetic shielding constant of the heavy nucleus. ͑3͒ In the neon isoelectronic systems, the relativistic correction of H mag mainly affects the 1s electrons. The effects of relativistic H mag on the 2s and 2p electrons are relatively small. ͑4͒ The finite nucleus effect on magnetic shielding constants was studied using the Gaussian nucleus model. The present theory reproduces well the DHF results. The effect on helium isoelectronic systems of ZϾ90 is 10% or more. The finite nucleus model has almost no effect in the nonrelativistic theory. ͑5͒ The present theory can well reproduce the relativistic increase in the magnetic shielding constants of noble gas atoms. The differences between the present theory and the DHF results are Ͻ1.5%. The change in the orbital picture due to the DKH transformation affects the valence orbitals as well as the cores.
The present theory provides a foundation for the relativistic study of molecular magnetic properties. Adaptation of the present theory to other magnetic properties such as spinspin coupling constant and hyperfine structure should be straightforward with only some modifications on the oneelectron matrix elements according to the DKH transformation. To apply this method to the study of molecular NMR chemical shifts, we need a gauge-origin-independent theory. The electron correlation effects may also be important. In a subsequent paper, 64 London's gauge-including atomic orbitals ͑GIAOs͒ are incorporated into the present DKH transformation, and the resultant theory is applied to the calculations of the NMR chemical shifts of molecular systems. An inclusion of the electron correlation effect, using the energy gradient method for the many-body theory developed in the nonrelativistic framework, is also straightforward because the present theory keeps the framework of the nonrelativistic theory. 
